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論 文 要 旨 
There is a one to one correspondence between Markov processes and Markov generators. We 
denote them  and . When a Markov process  on  is given, the behavior of its 
harmonic function  and the estimates of density function  play a crucial role for 
knowing the properties of the Markov process. Here, the harmonic function is probabilistically 
defined as a bounded function such that  is a martingale and the transition density 
function is characterized by  
 
The harmonic function  is also characterized as  and  is the fundamental 
solution of equation . A most important Markov process is the standard Brownian 
motion, whose Markov generator is equal to . In this case,  is the fundamental 
solution of the partial differentiable equation . We often call  heat kernel. 
   There are a lot of preceding results on the continuity of harmonic functions and estimates of 
heat kernels. For example, when Markov generator  is a uniformly elliptic second order 
differential operator, the corresponding Markov process is a diffusion process and the continuity of 
harmonic functions is well known. Moreover, this heat kernel  admits the Gaussian 
estimate as follows: 
  
Here ’s are positive constants. The studies on the continuity of harmonic functions and estimate 
of heat kernels for jump Markov processes have been developed for the last decade. Jump Markov 
processes have discontinuous sample paths. A most typical example is the rotationally invariant -
stable process generated by the fractional Laplacian , where  Unlike diffusion 
processes, harmonic functions of jump Markov processes are not necessarily continuous (Barlow, 
Bass and et al.). Thus for the continuity of harmonic functions, we need to impose some conditions 
on the generator. This problem is considered by Bass, Levin and Kassmann et al. Moreover, it is 
proved that heat kernels of jump Markov processes admit two-sided estimates different from those 
of diffusion processes. Chen and Kumagai treated -stable-like process, which is a generalization 
of the rotationally invariant -stable process. Chen, Kim and Kumagai treated relativistic -
stable-like process. These processes are symmetric with respect to the Lebesgue measure . To 
analyze symmetric Markov processes, the Dirichlet form theory is a powerful tool. We introduce 
the Dirichlet form  corresponding to the Markov process : 
 
where  is the inner product of  and  is the domain of the form , the closure of the 
domain of . We define a Schrödinger form  by 
 
Here  is a suitable positive measure. We note that the second term of (1) contributes not killing 
but creation of the process. We consider the fundamental solution of  , where  is 
the Schrödinger type operator defined by 
 
We denote by  the fundamental solution. Since the perturbation in a Schrödinger form is 
defined by creation,  is no longer a transition density of a Markov process. However, we  
can define the corresponding semigroup by using the positive continuous additive functional . 
Here  is determined uniquely from  by the Revuz correspondence. Then  is the 
integral kernel of the Feynman-Kac semigroup: 
 
We compare  with . If  has the same type two-sided estimate as 
 up to positive constants, we call this phenomenon the stability of fundamental solutions. 
Intuitively, if the potential  is large,  has a different estimate from  Thus we 
need to formulate the smallness of the measure . To this end, we use the bottom of spectrum of 
the time changed process by . There is a preceding result for a transient Brownian motion by 
Takeda. He assumed that  is in a certain class and showed that the stability of fundamental 
solutions holds if and only if 
 
where  is the Dirichlet integral defined by 
  
and  is the 1-order Sobolev space.  is regarded as the bottom of spectrum of the 
operator , the generator of the time changed process of the Brownian motion by  The 
formula (3) describes the smallness of the measure  Indeed, if , then . 
Moreover, the following each statement is equivalent to (3): 
 
 
If the measure  satisfies (4) and (5), then  is said to be gaugeable and subcritical respectively. 
For the proof of the stability of fundamental solutions, the equivalence of (3)－(5) is crucial. In this 
thesis the measure  is said to be subcritical if  Furthermore,  
(i)  is said to be critical if  
(ii)  is said to be supercritical if  
In two cases above, we cannot expect that  have the same two-sided estimate as . 
We have not been able to give two-sided estimate of  However, there exist some papers 
which deal with large time asymptotics of the Feynman-Kac semigroups, , if is 
critical or supercritical. We see from (2) that 
 
Since the subcriticality is equivalent to the gaugeability, the Feynman-Kac semigroup diverges as 




that is,  is the bottom of spectrum of the operator  Hence we see that if  
is supercritical, then  is positive and the expectation (6) grows exponentially.  
If  is critical,  and the expectation (6) seems to have polynomial growth. This conjecture 
is proved by Simon, Cranston and Kolokoltsov et al. in the case that  is absolutely continuous 
with respect to the Lebesgue measure. More precisely, when  for , the 
growth of the expectation (6) has the asymptotics according to the dimension .  
   In this thesis we extend these results to jump Markov processes. The Dirichlet form associated 
with jump Markov process  is expressed by  
 
Here  is a positive symmetric Borel function called jump intensity measure. The terms ‘ -
stable-like process’ and ‘relativistic -stable-like process’ come from the behavior of jump intensity 
measure. In this thesis, we introduce three classes of Radon measures: the Kato class , Green-
 tight Kato class  and conditional Green-tight Kato class . In particular, the class  plays 
a crucial role. For , we consider the Schrödinger form  defined in (1) and denote by  
a semigroup generated by . Using a harmonic function  of Schrödinger operator, the 
Schrödinger form can be transformed to a Dirichlet form. This method is called Doob’s -transform 
used intensively by Chen and Zhang. We consider the transformed semigroup 
, 
 
The transformed semigroup generates Markov process on  with symmetric measure  
Moreover, we see that the associated Dirichlet form on  is expressed as 
 
namely, the jump intensity measure  is transformed to  
  First we establish a necessary and sufficient condition on  for the stability of fundamental 
solution when the Markov process  is -stable-like or relativistic -stable-like. If  is 
subcritical, the gauge function  satisfies  for some positive 
constant. Hence  is equivalent to  and consequently the transition density 
function of the transformed process is equivalent to the original one. Noting that 
 is equal to the transition density function of the transformed process, we can 
conclude the stability of fundamental solutions. For example, let  be a transient -stable-
like process on . In this case, the jump intensity measure  satisfies 
 
for some positive constants  and . The transformed Dirichlet form (8) is also -stable-like if 
and only if the measure  satisfies 
 
From the result by Chen and Kumagai, we know the two-sided estimate for the heat kenrel of -
stable-like process:  
 
Therefore, we can conclude that the stability of fundamental solution is equivalent to the condition 
(9), which is an extension of (3). 
   We next consider large time asymptotics of the expectation when  is critical or 
supercritical. Since (7) is valid for the rotationally invariant -stable process, the expectation (6) 
grows exponentially if  is supercritical. 
   If  is critical, we have a concrete growth order of (6) for  i.e. . This 
result is the same as that of 4-dimensional Brownian motion. Takeda proved that for the 
rotationally invariant -stable process with , the growth of (6) is proportional to the time . 
In this case the function  belongs to  and, as a result, the transformed Markov process 
has the finite invariant measure  Applying the ergodic theory, we can obtain the growth order 
 of (6). But when , we cannot use this argument because  is not in . Hence, we 
apply an analytical method due to Simon. 
If  is critical,  is constructed by Takeda and Tsuchida. They also proved that  is 
continuous and satisfies . Hence, in order to estimate the heat kernel of the -
transformed process, we need to treat the jump intensity like , which depends 
not only  but also  and . The estimate of heat kernels for these type jump processes is 
an interesting problem. 
We finally consider harmonic functions with respect to the Markov generators. Bass and Levin 
showed the Hölder continuity of harmonic functions for -stable-like generators. Bass and 
Kassmann showed the continuity of harmonic functions for more general jump-type Markov 
generators. They impose two conditions on the jump intensity measure : one is singularity of 
small jumps, namely how the amount of jumps with size grows as  tends to 0. The other is 
quasi rotationally invariance, namely how the process jumps in any direction to some extent. In 
this 
paper we prove the continuity of harmonic functions under conditions weaker than those in Bass 
and Kassmann. For instance, we consider the case  satisfies 
 
for some positive constants  and . This jump intensity measure is a bit different from that of 
-stable-like process.  
   This thesis is organized as follows: In Chapter 1, we prepare the basic materials: Dirichlet 
forms, Hunt processes, smooth measures and additive functionals. In Chapter 2, we establish a 
necessary and sufficient condition on  for the stability of fundamental solutions when the process 
is -stable-like or relativistic -stable-like. In Chapter 3, for the rotationally invariant 1-stable 
process on , we consider the growth order of Feynman-Kac expectations and differentiability of 
spectral functions associated with critical Schrödinger forms. In Chapter 4, we study the 
continuity of harmonic functions for a class of jump-type Markov generators containing -stable-
like ones. Our result is an extension of preceding ones in Bass, Husseini and Kassmann. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 論文審査の結果の要旨 
 
本学位論文では、以下２つのテーマに関する研究を行った。１）ユークリッド空間上の飛躍型マルコフ過
程を生成する非局所的な作用素において、マルチンゲールをもちいて定義される調和関数が連続であるため
の条件を求める。２）飛躍型マルコフ過程を生成する非局所的な作用素にポテンシャルを加えてできるシュ
レディンガー型作用素の基本解がもとの基本解と同形であるためのポテンシャルに対する必要十分条件を求
める。 
飛躍型マルコフ過程とは、見本路が不連続な確率過程のことで、粒子が状態空間を不連続に移動する様子
を描写したものである。対称な飛躍型マルコフ過程を解析するための道具として、ディリクレ形式論がある。
この場合、ディリクレ形式は飛躍測度(レビィ系)を用いて表現される。非局所的な作用素に対しては調和関
数も不連続になる場合が知られており、連続性を示すためには、飛躍測度に仮定を与えることが必要になる。
和田君は飛躍測度に小さい飛躍の量とある程度の等方性の条件をつけることにより連続性を示した。和田君
の結果は従来の結果を拡張しているだけでなく、興味深い応用例を与えた。 
基本解に関する結果としては、非局所マルコフ作用素の典型例である分数冪ラプラシアン（もっと一般的
に、stable-like process)にポテンシャルを加えたシュレディンガー型作用素の基本解が、分数冪ラプラシ
アンの基本解と時間大域的に同値になる（基本解の安定性）必要十分条件について研究を行った。そして、
安定性の必要十分条件が「時間変更過程のスペクトル下限が１より大きいこと」（シュレディンガー型作用
素が劣臨界的であることに対応する。）で与えられることを示した。この結果は相対論的安定過程の生成作
用素の場合も含むより一般的な対称飛躍マルコフ過程に拡張可能である。 
拡散過程の場合には同様の結果があるが、和田君の結果はその飛躍型マルコフ過程の場合に対する最初の
結果である。飛躍を含むマルコフ過程の確率解析は伊藤の公式も複雑になり、解析も拡散過程の場合に比べ
て一段と難しくなる。特に、ドリフトの変換が複雑になり、対応するディリクレ形式の特定が困難になる。
加えるポテンシャルについても、いろいろな立場から様々な定義がなされてきたが、主定理の証明の過程で
それらの同値性についても検証した。主定理を示すために必要な、劣臨界性と「時間変更過程のスペクトル
下限が１より大きいこと」の同値性は、グリーン緊密性よりも強い、条件付きグリーン緊密性をもつ測度に
対してのみ適用できていたが、グリーン関数における 3G 定理を確認することで、グリーン緊密性と条件付
きグリーン緊密性の同値性を示した。 
和田君はスペクトルの下限が１であるとき、すなわちシュレディンガー型作用素が臨界的であるとき、そ
の基本解評価を考察してきた。分数冪ラプラシアンの基本解とどの様に異なるか知ることは興味深い問題で
あり、古典的な場合であれば、臨界的なときその基本解が Gauss 型と異なるどのような評価を持つかという
問題に対応する。その問題に対する部分的な結果として、臨界的であるとき Feynman-Kac 汎関数積分の長時
間挙動が劣臨界的な場合とどのように異なるかを調べ、指数αが１、次元が２という特別な場合ではあるが、
劣臨界的な場合と異なる長時間挙動を持つことを示した。 
以上のように、自立して研究活動を行うに必要な高度の研究能力と学識を有することを示している。した
がって、和田正樹提出の博士論文は，博士（理学）の学位論文として合格と認める。 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
